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TOTALLY SPLITTABLE POLYTOPES
SVEN HERRMANN AND MICHAEL JOSWIG
Abstrat. A split of a polytope is a (neessarily regular) subdivision with exatly two
maximal ells. A polytope is totally splittable if eah triangulation (without additional
verties) is a ommon renement of splits. This paper establishes a omplete lassiation
of the totally splittable polytopes.
1. Introdution
Splits (of hypersimplies) rst ourred in the work of Bandelt and Dress on deompo-
sitions of nite metri spaes with appliations to phylogenetis in algorithmi biology [1℄.
This was later generalized to a result on arbitrary polytopes by Hirai [10℄ and the au-
thors [9℄. While many polytopes do not admit a single split, the purpose of this paper is
to study polytopes with very many splits.
The set of all regular subdivisions of a polytope P , partially ordered by renement,
has the struture of the fae lattie of a polytope, the seondary polytope of P introdued
by Gel
′
fand, Kapranov, and Zelevinsky [6℄. The verties of the seondary polytope or-
respond to the regular triangulations, while the faets orrespond to the regular oarsest
subdivisions. There is a host of knowledge on triangulations of polytopes [5℄, but infor-
mation on oarsest subdivisions is sare. Splits are obviously oarsest subdivisions and
moreover known to be regular. So they orrespond to faets of the seondary polytope.
The total splittability of P is equivalent to the property that eah faet of the seondary
polytope of P arises from a split. Via a ompatibility relation the splits of a polytope form
an abstrat simpliial omplex. For instane, for the hypersimplies ∆(d, n) this turns
out to be a subomplex of the Dressian Dr(d, n) whih is an outer approximation (in
terms of matroid deompositions) of the tropial variety arising from the Grassmannian
of d-planes in n-spae; see [9, Theorem 7.8℄ and [8℄.
As an be expeted the assumption of total splittability restrits the ombinatoris
of P drastially. We prove that the totally splittable polytopes are the simplies, the
polygons, the regular rosspolytopes, the prisms over simplies, or joins of these. Inter-
estingly, our lassiation seems to oinide with those innite families of polytopes for
whih the seondary polytopes are known. This suggests that, in order to derive more
detailed information about the seondary polytopes of other polytopes, it is ruial to
systematially investigate oarsest subdivisions other than splits. Suh a task, however,
is beyond the sope of this paper.
This is how our proof (and thus the paper) is organized: It will frequently turn out
to be onvenient to phrase fats in terms of a Gale dual of a polytope. Hene we begin
our paper with a short introdution to Gale duality and hamber omplexes. The rst
important step towards the lassiation is the easy Proposition 12 whih shows that
the neighbors of a vertex of a totally splittable polytope must span an ane hyperplane.
Then the following observation turns out to be useful: Whenever P is a prism over a
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(d− 1)-simplex or a d-dimensional regular rosspolytope with d ≥ 3, there is no plae for
a point v outside P suh that conv(P ∪ {v}) is totally splittable. In this sense, prisms
and rosspolytopes are maximally totally splittable. It is lear that the ase of d = 2 is
quite dierent; and it is one tehnial diulty in the proof to intrinsially distinguish
between polygons and higher dimensional polytopes. The next step is a areful analysis
of the Gale dual of a totally splittable polytope whih makes it possible to reognize a
potential deomposition as a join. A nal redution argument allows one to onentrate
on maximally totally splittable fators, whih then an be identied again via their Gale
duals.
We are indebted to the anonymous referees for very areful reading whih lead to several
improvements in the exposition.
2. Splits and Gale Duality
Let V be a onguration of n ≥ d+1 (not neessarily distint) non-zero vetors in Rd+1
whih linearly spans the whole spae. Often we identify V with the n × (d + 1)-matrix
whose rows are the points in V , and our assumption says that the matrix V has full rank
d+ 1. Suh a vetor onguration gives rise to an oriented matroid in the following way:
For a linear form a ∈ (Rd+1)⋆ we have a ovetor C⋆ ∈ {0,+,−}V by
C⋆(v) :=


0 if av = 0 ,
+ if av > 0 ,
− if av < 0 .
For ǫ ∈ {0,+,−} we let C⋆ǫ := {v ∈ V |C⋆(v) = ǫ}, and we all the multiset C⋆+ ∪ C⋆−
the support of C⋆. Oasionally, the omplement C⋆0 will be alled the osupport of C
⋆
.
A ovetor whose support is minimal with respet to inlusion of multisets is a oiruit ;
equivalently, its osupport is maximal. Dually, C ⊂ {0,+,−}V is alled a vetor of V if
the linear dependene ∑
v∈C+
λvv =
∑
v∈C
−
λvv
holds for some oeients λv > 0; here Cǫ is dened as for the oiruits. The vetors with
minimal support are the iruits. Note that a point onguration denes the iruits and
oiruits only up to a sign reversal. Oasionally, we will speak of unique (o-)iruits
with given properties, and in these ases we always mean uniqueness up to suh a reversal
of the signs. See monograph [4℄ for all details and proofs of properties of oriented matroids.
Now onsider an n× (n− d− 1)-matrix V ⋆ of full rank n− d− 1 satisfying V TV ⋆ = 0;
that is, the olumns of V ⋆ form a basis of the kernel of V T. Then the onguration of row
vetors of V ⋆ is alled a Gale dual of V . Any Gale dual of V is uniquely determined up
to ane equivalene. Eah vetor v ∈ V orresponds to a row vetor v⋆ of V ⋆, alled the
vetor dual to v. Throughout we will assume that all dual vetors are either zero or have
unit Eulidean length. If v⋆ is zero then all vetors other than v span a linear hyperplane
not ontaining v. We all V proper if V ⋆ does not ontain any zero vetors. In the primal
view, this means that conv V is not a pyramid. For the remainder of this setion we will
assume that V is proper whene V ⋆ an be identied with a onguration of n points on
the unit sphere S
n−d−2
. Notie that these n points are not neessarily pairwise distint.
Repetitions may our even if the vetors in V are pairwise distint.
The onnetion between Gale duality and oriented matroids is the following: The ir-
uits of V are preisely the oiruits of V ⋆ and onversely. We dene the oriented
matroid of V as its set of oiruits. Anely equivalent vetor ongurations have the
same oriented matroid, but the onverse does not hold.
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Now let P be a d-dimensional polytope in Rd with n verties. By homogenizing the
verties VertP , we obtain a onguration VP of n non-zero vetors in R
d+1
whih linearly
spans the whole spae. The oiruits of VP are given by the linear hyperplanes spanned
by vetors in VP . The vetor onguration VP is proper if and only if P is not a pyramid,
and we will assume that this is the ase. The Gale dual of P is the spherial point
onguration Gale(P ) := V ⋆P , whih again is unique up to (spherial) ane equivalene.
1
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Figure 1. Pentagon and Gale dual. Corresponding verties and dual ve-
tors are labeled alike.
Example 1. The matries
V :=


1 1 0
1 0 2
1 −1 1
1 −1 0
1 0 −1

 and V ⋆ :=


−1/3 −1
2/3 1
−4/3 −1
1 0
0 1


are Gale duals of eah other. The rows of the matrix V are the homogenized verties of
the pentagon shown to the left in Figure 1. The Gale dual obtained from projeting V ⋆
to S
1
is shown to the right.
We are interested in polytopal subdivisions of our polytope P and intend to study
them via Gale duality. This requires the introdution of some notation. A polytopal
subdivision of P is regular if it is indued by a lifting funtion on the verties of P . The
set of all lifting funtions λ ∈ Rn induing a xed regular subdivision Σλ is a relatively
open polyhedral one in R
n
, the seondary one of Σλ. The set of all seondary ones
forms a polyhedral fan, the seondary fan SecFan(P ). It turns out that the seondary
fan is the normal fan of a polytope of dimension n − d − 1, and any suh polytope is a
seondary polytope of P , that is the seondary polytope SecPoly(P ) is dened only up to
normal equivalene. The verties of SecPoly(P ) orrespond to the regular triangulations
of P . The redution in dimension omes from the fat that all the seondary ones in
SecFan(P ) have a (d + 1)-dimensional lineality spae in ommon. By fatoring out this
lineality spae and interseting with the unit sphere one obtains the spherial polytopal
omplex SecFan′(P ) in Sn−d−2. It is dual to the boundary omplex of the seondary
polytope.
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Now x a Gale dual G := Gale(P ). Eah subset I ⊆ [n] orresponds to a set of
(homogenized) verties VI . We set I
⋆ := [n] \ I and V ⋆I := {v⋆i | i ∈ I}. Then the set VI
anely spans R
d
if and only if the duals of the omplement, that is, the set
V ⋆I⋆ = {v⋆i | i ∈ [n] \ I}
is linearly independent. In partiular, for eah d-dimensional simplex conv VJ with #J =
d + 1 the set posV ⋆J⋆ ∩ Sn−d−2 is a full-dimensional spherial simplex, whih is alled the
dual simplex of conv VJ . The hamber omplex Chamber(P ) is the set of subsets of S
n−d−2
arising from the intersetions of all the dual simplies. The following theorem by Billera,
Gel
′
fand, and Sturmfels [3℄ (see also [5, 5.3℄) is essential.
Theorem 2 ([3, Theorem 3.1℄). The hamber omplex Chamber(P ) is anti-isomorphi
to the boundary omplex of the seondary polytope SecPoly(P ).
A split of the polytope P is a polytopal deomposition (without new verties) with
exatly two maximal ells. Splits are always regular. The ane hyperplanes weakly sep-
arating the two maximal ells of a split are haraterized by the property that they do
not ut through any edges of P [9, Observation 3.1℄; they are alled split hyperplanes.
Two splits of P are ompatible if their split hyperplanes do not interset in the interior
of P . They are weakly ompatible if they admit a ommon renement. Clearly, om-
patibility implies weak ompatibility, but the onverse is not true; see Example 3 below.
By denition the splits are oarsest subdivisions of P and hene orrespond to rays in
the seondary fan or, equivalently, to faets of the seondary polytope and to verties in
the hamber omplex. The split omplex Split(P ) is the abstrat ag-simpliial omplex
whose verties are the splits of P whih is indued by the ompatibility relation. The
weak split omplex Splitw(P ) is the subomplex of SecFan′(P ) indued by the splits.
Example 3. Let P = conv{±ei | i ∈ [d]} be a regular rosspolytope in dimension d. The
splits of P are given by the oordinate hyperplanes xi = 0, for i ∈ [d]. By ombining
any d − 1 of these splits one gets a triangulation of P . This shows that the weak split
omplex is isomorphi to the boundary of a (d−1)-simplex. However, any two oordinate
hyperplanes ontain the origin, whene the orresponding splits are not ompatible. The
split omplex of P has d isolated points. See also [9, Example 4.9℄.
Proposition 4. The split omplex Split(P ) and the weak split omplex Splitw(P ) of a
polytope P only depend on the oriented matroid of P .
Proof. Eah split S of P denes a oiruit C⋆ of the oriented matroid of P . A hyperplane
whih separates P denes a split if and only if it does not separate any edge of P . However,
an edge of P is a ovetor of P with exatly two positive entries and it is separated by S
if and only if one if the entries is in C⋆+ and the other is in C
⋆
−. So one sees that the set
of splits of P only depends on the oriented matroid of P .
Now it remains to show that also the ompatibility and weak ompatibility relations
among splits only depend on the oriented matroid.
Let S1 and S2 be two splits of P with split hyperplanes HS1 and HS2 , respetively.
Suppose that S1 and S2 are inompatible. Then there exists a point x ∈ intP ∩HS1∩HS2 .
Sine both split hyperplanes are spanned by verties of P and sine, moreover, eah split
hyperplane does not interset any edge the point x is a onvex ombination of verties of
P on HS1 as well as a onvex ombination of verties of P on HS2. Thus x gives rise to
a vetor C in the oriented matroid of P suh that C+ is supported on verties of P lying
on HS1 and C− is supported on verties of P lying on HS2. That x is ontained in the
interior of P is equivalent to the property that C+ ∪ C− is not ontained in any faet of
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P . Sine the faets are preisely the positive oiruits it follows that this an be read o
from the oriented matroid of P .
The statement for the weak split omplex follows from the fat that one an onstrut
ommon renements of given subdivisions while only knowing the oriented matroid of the
underlying polytope [5, Corollary 4.1.43℄. 
Note that, of ourse, knowing the ombinatoris, that is the fae lattie of a polytope
is not enough for knowing its split omplex or even its splits. As an example onsider
the regular otahedron (with three splits; see Example 3) and an otahedron with per-
turbed verties (whih does not have any split). Further, note that the set of regular
subdivisions of a polytope does not only depend on the oriented matroid but rather on
the oordinatization. So the split subdivisions form a subset of all regular subdivisions
whih is independent of the oordinatization. In partiular, the split omplex is a ommon
approximation for the seondary fans of all polytopes with the same oriented matroid but
anely inequivalent oordinates. The next lemma explains how splits an be reognized
in the hamber omplex. We ontinue to use the notation introdued above. In partiular,
P is the polytope and G its spherial Gale dual.
Lemma 5. A point x ∈ Sn−d−2 denes a split of P if and only if there exists a unique
iruit C in G suh that posx = posV ⋆C+ ∩ posV ⋆C−.
Proof. Consider x ∈ Sn−d−2 suh that its hamber is dual to a split S of P . Then
the split hyperplane HS denes a unique oiruit C of P . Equivalently, C is a iruit
of G. Moreover, posV ⋆C+ and posV
⋆
C
−
orrespond to the two maximal ells of S, and
posx = posV ⋆C+ ∩ posV ⋆C−. Suppose that there is another iruit C ′ in G with the same
property. Then the hyperplane H dened by the elements of the orresponding oiruit
of VP separates the preimage of x from all remaining verties of P . However, sine x
denes a split S we get H = HS and hene the uniqueness.
Conversely, let C be the unique iruit of G suh that posx = posV ⋆C+ ∩ posV ⋆C− for
some x ∈ Sn−d−2. Obviously, x is a ray of the hamber omplex, and hene it is dual to a
oarsest subdivision S of P . By [3, Lemma 3.2℄, the subdivision orresponding to x has
two maximal ells, sine posV ⋆C+ and posV
⋆
C
−
are the only (neessarily minimal) dual ells
ontaining x. 
Example 6. Let P be the pentagon and G its Gale dual from Example 1. Then C =
(0 + 0−−) is a oiruit of P orresponding to the split dened by the line through the
verties v1 and v3. Clearly, C is also a iruit of G, with C+ = {2} and C− = {4, 5}. We
have pos v⋆2 = posV
⋆
{2} ∩ posV ⋆{4,5}, and C is the unique iruit of G yielding pos v⋆2 as the
intersetion of its positive and its negative one. The two maximal ells of the split are
the quadrangle conv V{2}⋆ and the triangle conv V{4,5}⋆ . See Figure 1.
With eah split S of P we assoiate the unique iruit C[S] of G from Lemma 5. If
V ⋆C[S]+ or (V
⋆
C[S]
−
) onsists of a single element v⋆ orresponding to a vertex v of P , we all
S the vertex split for the vertex v and also write C[v] for C[S]. Note that the support of
C[v] orresponds to the set of all verties of P that are onneted to v by an edge.
Lemma 7. Let S and S ′ be vertex splits with respet to verties v and v′ of P . Then S
and S ′ are ompatible if and only if v and v′ are not joined by an edge.
Proof. It is easily seen that two splits S, S ′ are ompatible if and only if (possibly after
the negation of one or both of the iruits) C[S]+ ⊆ C[S ′]+ and C[S ′]− ⊆ C[S]−. For a
vertex split with respet to the vertex v we have C[v]+ = {v⋆} or C[v]− = {v⋆}. However,
if v and v′ are joined by an edge, then v⋆ ∈ C[v′]0, so the above onditions annot hold.
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On the other hand, if v and v′ are not joined by an edge, and, say, C[v]+ = {v⋆}, then
(possibly after a negation) v⋆ ∈ C[v′]+ whih implies {v⋆} = C[v]+ ⊆ C[v′]+. 
Clearly, P admits a vertex split at the vertex v if and only if the neighbors of v in the
vertex-edge graph of P lie on a ommon hyperplane. In partiular, if P is simple then
eah vertex gives rise to a vertex split.
3. Totally Splittable Polytopes
We all a polytope totally splittable if all regular triangulations of P are split triangu-
lations. We aim at the following omplete haraterization.
Theorem 8. A polytope P is totally splittable if and only if it has the same oriented
matroid as a simplex, a rosspolytope, a polygon, a prism over a simplex, or a (possibly
multiple) join of these polytopes.
By Proposition 4 the set of splits and their (weak) ompatibility only depends on the
oriented matroid of P , and hene the notion totally splittable also depends on the
oriented matroid only. The join P ∗ Q of a d-polytope P and an e-polytope Q is the
onvex hull of P ∪Q, seen as subpolytopes in mutually skew ane subspaes of Rd+e+1.
For instane, a 3-simplex is the join of any pair of its disjoint edges. In order to avoid
umbersome notation in the remainder of this setion we do not distinguish between any
two polytopes sharing the same oriented matroid. For instane, P is a join of P1 and P2
atually means P has the same oriented matroid as the join of P1 and P2 and so on.
Example 9. We inspet the lasses of polytopes ourring in Theorem 8.
(i) Simplies are totally splittable in a trivial way.
(ii) A triangulation of an n-gon is equivalent to hoosing n − 3 diagonals whih are
pairwise non-interseting. This is a ompatible system of splits, and hene eah
polygon is totally splittable; see [9, Example 4.8℄. The seondary polytope of an
n-gon is the (n− 3)-dimensional assoiahedron [6, Chapter 7, 3.B℄.
(iii) Let P = conv{±ei | i ∈ [d]} be a regular rosspolytope in dimension d as in
Example 3. The splits orrespond to the oordinate hyperplanes, and any d − 1
of them indue a triangulation of P . Conversely, eah triangulation of P arises
in this way. See [9, Example 4.9℄. A Gale dual of P is given by the multiset
G ⊂ Sd−2 onsisting of all points
{
ei
∣∣ i ∈ [d− 1]} ∪ {− 1√
d− 1
d−1∑
i=1
ei
}
,
where eah point ours exatly twie. All the verties in the hamber omplex
orrespond to vertex splits, and the hamber omplex is the normal fan of a
(d−1)-simplex (where eah vertex arries two labels). So the seondary polytope
of P is a (d− 1)-simplex. See Figure 2 (left) below for d = 3.
(iv) Let P be the prism over a (d − 1)-simplex. Then the dual graph of any tri-
angulation of P is a path with d nodes. The seondary polytope of P is the
(d − 1)-dimensional permutohedron [6, Chapter 7, 3.C℄. See Figure 2 (right)
below for d = 3.
Remark 10. As the seondary polytope of a join of polytopes is the produt of their
seondary polytopes (e.g., this an be inferred from [5, Corollary 4.2.8℄), Theorem 8 and
Example 9 show that the seondary polytopes of totally splittable polytopes are (possibly
multiple) produts of simplies, permutohedra, and assoiahedra.
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Figure 2. Gale diagrams of the regular otahedron (left) and of the prism
over a triangle (right).
Remark 11. One an ask the question: What is the typial behavior of a polytope in
terms of splits? The smallest example of a polytope that does not have any split is given
by an otahedron whose verties are slightly perturbed into general position. Moreover,
any 2-neighborly polytope (that is, any two verties share an edge) does not admit any split
[9, Proposition 3.4℄. On the other hand, d-dimensional simple polytopes with n verties
have at least n splits: Eah vertex is onneted to exatly d other verties whih span
a split hyperplane for the orresponding vertex split. This shows that the answer of the
seemingly more preise question of how many splits is a random polytope expeted to
have highly depends on the hosen model. On the one hand, a d-polytope whose faets
are hosen uniformly at random tangent to the unit sphere is simple with probability
one; hene it has at least as many splits as verties. On the other hand one an hoose
models suh that the polytopes generated are 2-neighborly with high probability [11℄;
suh polytopes do not have any splits.
It is obvious that total splittability is a severe restrition among polytopes. The follow-
ing result is a key rst step. As an essential tool we use that any ordering of the verties
of a polytope indues a triangulation, the plaing triangulation with respet to that or-
dering [5, 4.3.1℄. Moreover, suessive plaing of new verties an be used to extend any
triangulation of a subpolytope.
Proposition 12. Let P be a totally splittable polytope. Then eah fae, eah vertex gure,
and eah subpolytope Q := conv(V \{v}) for a vertex v ∈ V is totally splittable. Moreover,
v gives rise to a vertex split, and the neighbors of v span a faet of Q.
Proof. Let ∆ be an arbitrary triangulation of a faet F of P . We have to show that ∆
is indued by splits of F . By plaing the verties of P not in F in an arbitrary order we
an extend ∆ to a triangulation ∆′ of P . As P is totally splittable ∆′ is indued by splits
of P . A split of P either does not separate F , or it is a split of F . This implies that ∆ is
indued by splits of F . Indutively, this shows the total splittability of all faes of P .
Consider the subpolytope Q := conv(V \ {v}) for some vertex v of P . We an assume
that P is not a simplex, whene Q is full-dimensional. Take an arbitrary triangulation
Σ of Q. By plaing v this extends to a triangulation Σ′ of P . The d-simplies of Σ′
ontaining v are the ones (with apex v) over those odimension (d− 1)-faes of Σ whih
span a hyperplane weakly separating Q from v. By assumption, Σ′ is a split triangulation,
and hene eah interior ell of odimension one spans a split hyperplane. Fix a d-simplex
σ ∈ Σ′ ontaining v. The faet of σ not ontaining v is an interior ell of odimension
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one, whih is why it spans a split hyperplane H . Sine H annot ut through the other
simplies in Σ′ all neighbors of v in the vertex-edge graph of P are ontained in H . This
proves that H is the split hyperplane of the vertex split to v, and H intersets Q in a
faet. This also shows that the triangulation Σ of Q is indued by splits of Q, and Q is
totally splittable.
The vertex gure of P at v is anely equivalent to the faet Q ∩ H of Q, and hene
the total splittability of the vertex gure follows from the above. 
Remark 13. The same argument as in the proof above shows: Eah hyperplane spanned
by d anely independent verties of a totally splittable polytope denes a faet or a split.
Note that there exist polytopes for whih eah vertex denes a vertex split, but whih
are not totally splittable. An example is the 3-ube whih is simple, and hene eah
vertex denes a vertex split [9, Remark 3.3℄, but whih has several triangulations whih
are not indued by splits [9, Examples 3.8 and 4.10℄. It is ruial that, by Proposition 12,
the neighbors of a vertex v of a totally splittable polytope span a hyperplane, whih we
denote by v⊥. two verties of P are neighbors if they share an edge w in the vertex-edge
graph of P . Proposition 12 makes it possible to re-read Lemma 5 as follows.
Corollary 14. Let v be a vertex of a totally splittable polytope P . Then
v ∈
⋂
w neighbor vertex to v
w⊥ .
Remark 15. In the situation of Proposition 12 all faets of Q are also faets of P exept
for the faet F spanning the hyperplane v⊥. Moreover, all verties of Q are also verties
of P . In this situation we say that v is almost beyond the faet F of Q. This is slightly
more general than requiring v to be beyond Q, whih means that F is the unique faet
of Q violated by v, and additionally v is not ontained in any hyperplane spanned by a
faet of Q. That F is violated by v means that the losed ane halfspae with boundary
hyperplane aff F does not ontain the point v. If v is beyond F and d = dimP = dimQ ≥
3 then the vertex-edge graph of Q is the subgraph of the vertex-edge graph of P indued
on VertP \ {v} = VertQ. The neighbors of v are preisely the verties on the faet F of
Q.
Lemma 16. For two polytopes P and Q the join P ∗Q is totally splittable if and only if
both P and Q are.
Proof. Suppose that P ∗ Q is totally splittable. Then P and Q both our as faes of
P ∗Q, and the laim follows from Proposition 12.
Let dimP = d and dimQ = e, and assume that P and Q both are totally splittable.
The join of a d-simplex and an e-simplex is a (d + e + 1)-simplex, and hene the join
ell-by-ell of a triangulation of P and a triangulation of Q yields a triangulation of P ∗Q.
Conversely, eah triangulation of P ∗ Q arises in this way [5, Theorem 4.2.7℄. The join
of a split hyperplane of P with affQ and the join of a split hyperplane of Q with aff P
yields split hyperplanes of P ∗ Q. Now onsider any triangulation ∆ of P ∗ Q. Then
there are triangulations ∆P and ∆Q of P and Q, respetively, suh that ∆ = ∆P ∗ ∆Q.
By assumption, there is a set SP of splits of P induing ∆P . Likewise SQ is the set of
splits induing ∆Q. Then the set of joins of all splits from SP with affQ (as an ane
subspae of R
d+e+1
) and the set of joins of all splits from SQ with aff P jointly indue the
triangulation ∆. 
Lemma 16 together with Example 9 ompletes the proof that all the polytopes listed
in Theorem 8 are, in fat, totally splittable. The remainder of this setion is devoted to
proving that there are no others.
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Proposition 17. Let P ⊂ Rd be a proper totally splittable d-polytope. Then P is a regular
rosspolytope if and only if the intersetion
⋂
v∈VertP v
⊥
is not empty.
Proof. Clearly, the regular rosspolytope P = conv{±ei | i ∈ [d]} has the property that
the intersetion of its split hyperplanes is the origin. Conversely, suppose that P is not a
rosspolytope. We assumed that P is proper, meaning that P is not a pyramid. Hene
there exists a vertex v of P suh that at least two verties u, w are separated from v by the
hyperplane v⊥. By Proposition 12, the split hyperplane v⊥ passes through the neighbors
of v in the vertex-edge graph of P . Sine u is on the same side of v⊥ as w it follows that
v⊥ 6= w⊥ and, moreover, v⊥ ∩ w⊥ ∩ intP = ∅. Now suppose that the intersetion of all
split hyperplanes ontains points in the boundary of P . But sine the split hyperplanes
do not ut through edges, the intersetion must ontain at least one vertex x ∈ VertP .
This is a ontradition sine x 6∈ x⊥. By a similar argument, we an exlude the nal
possibility that the intersetion of all split hyperplanes ontains any points outside P .
Therefore this intersetion is empty, as we wanted to show. 
In a way rosspolytopes (whih are not quadrangles) are maximally totally splittable.
Lemma 18. Let P ⊂ Rd be a d-dimensional regular rosspolytope and v ∈ Rd \ P be a
point almost beyond the faet F of P . If d ≥ 3 then conv(P ∪{v}) is not totally splittable.
Proof. Without loss of generality P = conv{±e1,±e2, . . . ,±ed}. Suppose that conv(P ∪
{v}) is totally splittable. Sine we assumed d ≥ 3 eah vertex w of P has at least d + 1
neighbors. At least d anely independent verties among these are still neighbors of w
in conv(P ∪{v}), so the hyperplane w⊥ with respet to P is the same as w⊥ with respet
to conv(P ∪ {v}). We have that F⊥ := ⋂w∈VertF w⊥ = {0}, whih implies v 6∈ F⊥, a
ontradition to Corollary 14. 
Figure 3. Convex hull of prism plus one point almost beyond a quadran-
gular faet, vertex-edge graph (left) and a non-split triangulation (right).
The same onlusion as in Lemma 18 holds for prisms over simplies as well. See also
Figure 3 and Example 20 below.
Lemma 19. Let P ⊂ Rd be a prism over a (d− 1)-simplex and v ∈ Rd \P a point whih
is almost beyond a faet F of P . If d ≥ 3 then conv(P ∪ {v}) is not totally splittable.
Proof. Suppose that conv(P ∪ {v}) is totally splittable. As in the proof of Lemma 18
we are aiming at a ontradition to Corollary 14. First suppose that v is beyond F ,
and hene for w ∈ VertP the hyperplanes w⊥ with respet to P and conv(P ∪ {v})
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oinide, sine d ≥ 3; see Remark 15. Up to an ane transformation we an assume that
P = conv{e1, e2, . . . , ed, f1, f2, . . . , fd} with
fk = −
∑
i 6=k
ei .
The neighbors of the vertex ek are e1, e2, . . . , ek−1, ek+1, . . . , ed and fk; symmetrially for
the fk. A diret omputation shows that
e⊥k = {x | xk = 0} and f⊥k =
{
x
∣∣∣∣∣ 2
∑
i 6=k
xi = (d− 2)(xk − 1)
}
.
We have to distinguish two ases: the faet F of P violated by v may be a (d−1)-simplex
or a prism over a (d − 2)-simplex. If F is a simplex, for instane, conv{e1, e2, . . . , ed},
then we an onlude that the set
⋂
w∈F w
⊥ = {0} whih is in the interior of P and
hene annot be equal to v. If, however, F is a prism, for instane, with the verties
e1, e2, . . . , ed−1, f1, f2, . . . , fd−1, we an ompute that⋂
w∈VertF
w⊥ =
{
2− d
2
ed
}
,
again an interior point. In both ases we arrive at the desired ontradition to Corol-
lary 14.
Now suppose that v violates F but it is not beyond F , that is, v is ontained in the
ane hull of some faet F ′ of P . Let us assume that d ≥ 4 and that the assertion is true
for d = 3. Then the polytope conv(F ′∪{v}) is totally splittable by Proposition 12. Again,
F ′ may be a (d− 1)-simplex or a prism over a (d− 2)-simplex. If F ′ is a (d− 1)-simplex,
it an easily be seen that conv(F ′ ∪ {v}) is not totally splittable for d > 3 sine F ′ does
not have any splits. If F ′ is a prism over a simplex, we are done by indution.
An easy onsideration of the ases, whih we omit, allows us to prove the result in the
base ase d = 3. See Example 20 and Figure 3 for one of the ases arising. 
Example 20. Consider the 3-polytope P = conv{e1, e2, e3,−e2− e3,−e1− e3,−e1− e2},
whih is a prism over a triangle. For instane, the point v = e1+e2−e3 lies almost beyond
the quadrangular faet F = conv{e1, e2,−e2− e3,−e1− e3}. The polytope conv(P ∪{v})
admits a triangulation whih is not split; see Figure 3.
Proposition 21. Let P be a proper totally splittable polytope that is not a regular rosspoly-
tope. Then P is a join if and only if the vertex set of P admits a partition VertP = U∪W
suh that no vertex split of a vertex in U is ompatible with any vertex split of a vertex
in W .
Proof. Let P = (convU) ∗ (convW ) be a proper join. In partiular, P is not a pyramid,
and convU and convW both are at least one-dimensional. Then, by the denition of
join, eah vertex in U shares an edge with eah vertex in W , and thus the orresponding
vertex splits are not ompatible.
Conversely, assume that no split with respet to a vertex in U is ompatible with a
split with respet to any vertex in W . By Lemma 7 eah vertex in U is joined by an
edge to eah vertex in W . Proposition 12 says that eah vertex split hyperplane u⊥
ontains all neighbors of u. Thus we infer that
⋂
u∈U u
⊥ ⊃ convW and, symmetrially,⋂
w∈W w
⊥ ⊃ convU . Now there are two ases to distinguish. If ⋂v∈VertP v⊥ is non-empty
then P is a regular rosspolytope due to Proposition 17 ontraditing the assumption.
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The remaining possibility is that
⋂
v∈VertP v
⊥
is empty. In this ase we have
aff U ∩ affW ⊆
⋂
w∈W
w⊥ ∩
⋂
u∈U
u⊥ =
⋂
v∈VertP
v⊥ = ∅ .
The ane subspaes aff U and affW are skew. It follows that P = (convU) ∗ (convW ).

For the following we will swith from the primal view on our polytope P to its spherial
Gale dual G. A point of multipliity two in G is alled a double point. Verties of P
orresponding to the same point in G are alled siblings.
Lemma 22. Let P be a totally splittable polytope whih is not a join, and let G be a
spherial Gale diagram of P . Then P is proper, and eah point of G is a single point,
or eah point is a double point. In partiular, there are no points in G with multipliity
greater than two.
Proof. If P is a regular rosspolytope we know from the expliit desription of G in
Example 9 (iii) that the onlusion of the lemma holds. So we an assume that this is
not the ase. Sine we assume that P is not a join, in partiular, it is not a pyramid, and
this is why P is proper. If G had a point with multipliity three or above, then eah pair
of opies of x denes a iruit whih yields a ontradition to Lemma 5.
So suppose now that v1 is a vertex that has a sibling v2 and that the setW of all verties
without a sibling is non-empty. Then, again by Lemma 5, v⋆1 = v
⋆
2 is not ontained in
posW ⋆. By the Separation Theorem [7, 2.2.2℄, there is an ane hyperplane in Rn−d−1
whih weakly separates v⋆1 = v
⋆
2 from posW
⋆
. This argument even works for all verties
with a sibling simultaneously. That is H weakly separates the double points from non-
double points. By rotating H slightly, if neessary, we an further assume that H ontains
at least one dual vertex w⋆ of a vertex w ∈ W without a sibling. For eah suh w ∈ W
with w⋆ ∈ H the support of the iruit C[w] is a subset of W ⋆ and from Lemma 5 it
follows that the support of C[w] is ontained in the hyperplane H . In the primal view,
this means that all verties v of P with v⋆ 6∈ H have to be in the splitting hyperplane w⊥
and that the vertex split of w annot be ompatible to any vertex split of a vertex v with
v⋆ 6∈ H . If now we dene U := {w ∈ VertP |w⋆ ∈ H} we have a partition of VertP in U
and VertP \ U suh that no vertex split of a vertex in U is ompatible with any vertex
split of a vertex in VertP \ U . So P is a join by Proposition 21. 
1
5
3
7
2
6
4
8
Figure 4. Gale diagram of the join of two squares, labeled {1, 2, 3, 4} and
{5, 6, 7, 8}, respetively.
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A point x ∈ G is antipodal if −x is also in G. Notie that any quadrangle, regular or
not, has a zero-dimensional spherial Gale diagram with exatly two pairs of antipodal
points.
Lemma 23. Let P be a totally splittable d-polytope with d ≥ 2 whih is not a join. If eah
point in the spherial Gale diagram G is a double point then P is a regular rosspolytope.
Proof. Assume that eah point in G is a double point. Let v be any vertex of P and v⊥
the hyperplane orresponding to the vertex split of v. Sine v⋆ is a double point in G
there is exatly one vertex w other than v whih is not ontained in v⊥. The polytope
Q := conv(VertP \ {v, w}) = P ∩ v⊥ is a fae of the vertex gure of v and hene totally
splittable by Proposition 12. Clearly, a spherial Gale diagram of Q again has only double
points. Indutively, we an thus assume that Q is a regular rosspolytope. Therefore, its
split hyperplanes have a non-empty intersetion. Sine this intersetion is ontained in
v⊥ it follows that the split hyperplanes of P also have a non-empty intersetion. Hene P
is a regular rosspolytope by Proposition 17. As a basis of the indution we an onsider
the ase where G is ontained in S1. As G must span R2, and as eah point in G ours
twie, the polytope P has six verties, and it is three-dimensional. It an be shown that
P is a regular otahedron. The two-dimensional ase will be dealt with in the proof of
Lemma 25 below. 
Lemma 24. Let P be a totally splittable d-polytope with d ≥ 2 whih is not a join. If
eah point in the spherial Gale diagram G is antipodal then P is a prism over a simplex.
Proof. Suppose that eah point in G is antipodal. Let k := n− d− 1 be the dimension of
the linear span of G, and so we an view G as a subset of Sk−1. We laim that the number
of verties of P equals n = 2d or, equivalently, that n = 2k + 2. Pik any oiruit of G.
This orresponds to a linear hyperplane H in Rk whih ontains at least 2k − 2 points of
G, due to antipodality. Sine G is the Gale diagram of a polytope eah open halfspae
dened by H ontains at least 2 points [12, Theorem 6.19℄. We onlude that n ≥ 2k+2.
Now we will show that n ≤ 2k + 2 hene n = 2k + 2. To arrive at a ontradition,
suppose that the spherial Gale diagram G ontains at least k + 2 antipodal pairs. Take
any vertex v of P , and let v⋆ be its dual in G. Pik an ane hyperplane H⋆ in Rk
whih is orthogonal to v⋆ and suh that v⋆ and the origin are on dierent sides of H⋆. Let
W = {v⋆1, v⋆2, . . . , v⋆m} be the set of points inG distint from v⋆ for whih the orresponding
rays interset H⋆. Firstly, m ≥ k + 1 sine G ontains k + 1 antipodal pairs in addition
to v∗ and its antipode. Seondly, v⋆ is in the positive span of the rays orresponding to
the points in W sine among those points are the elements of C[v]+. By Carathéodory's
Theorem [7, 2.3.5℄ we an assume that the orresponding rays of v⋆1, v
⋆
2, . . . , v
⋆
k+1 still
ontain v∗ in their positive span. Let Q be the onvex hull of the intersetions of the rays
orresponding to v⋆1, v
⋆
2, . . . , v
⋆
k+1 with the hyperplane H
⋆
. Now Q is a (k−1)-dimensional
polytope with k+ 1 verties. Suh a polytope has preisely two triangulations ∆ and ∆′;
these are related by a ip, see [5, 2.4.1℄. Let σ and σ′ be maximal simplies of ∆ and ∆′
ontaining the point (Rv⋆) ∩H⋆. By onstrution σ gives rise to a iruit D of G whose
negative support orresponds to the verties of σ and its positive support orresponds to
v⋆. Similarly, σ′ denes another suh iruit D′. Sine no maximal simplex of ∆ also
ours as a maximal simplex in ∆′ we have σ 6= σ′ implying D 6= D′. This ontradits
Lemma 5, and this nally proves that n equals 2k + 2.
By now we know that G onsists of preisely k + 1 antipodal pairs in Sk−1. So P is
a d-polytope with 2k + 2 = 2d verties. We have to show that P has the same oriented
matroid as a prism over a (d−1)-simplex. This will be done by showing that the oiruits
of G (whih are the iruits of P ) agree with the iruits of a prism over a simplex. So
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onsider the prism over a simplex with oordinates as in the proof of Lemma 19. Then
eah iruit C of this prism is of the form
C+ = {ei, fj} and C− = {fi, ej}
for distint i and j. Moreover, e⋆i and f
⋆
i are antipodes in the prism's spherial Gale
diagram. The oiruits of G are given by all (linear) hyperplanes in Rk spanned by
k − 1 pairs of points in G. None of the other two pairs of points an be ontained in
suh a hyperplane sine G is the Gale diagram of a polytope [12, Theorem 6.19℄. So the
oiruits of G are given by C⋆+ = {x, y}, C⋆− = {−x,−y} for all distint x, y ∈ G with
x 6= ±y.

Lemma 25. Let P be a totally splittable d-polytope with d ≥ 2 whih is not a join. If eah
point in the spherial Gale diagram G is both a double point and antipodal then d = 2,
and P is a quadrangle.
Proof. If eah point in G is antipodal from Lemma 24 we know that P is a prism over a
(d− 1)-simplex. The only ase in whih suh a Gale diagram has the property that eah
point is a double point is d = 2, and P is a quadrangle. 
Now we have all ingredients to prove our main result.
Proof of Theorem 8. Let P be a totally splittable d-polytope with spherial Gale dual G.
By Lemma 16, we an assume without loss of generality that P is not a join. Consider a
vertex v ∈ VertP with the property that v⋆ is neither a double nor an antipodal point.
By Proposition 12, the polytope Q := conv(VertP \{v}) obtained from P by the deletion
of v is again totally splittable. Moreover, dimQ = d sine P is not a pyramid.
Let us assume for the moment that Q is also not a join. Then we an repeat this
proedure until after nitely many steps we arrive at a polytope P ′ with a spherial
Gale diagram G′ whih onsists only of double and antipodal points. In this situation
Lemma 22 implies that all points of G′ are double points or all points of G′ are antipodal.
Combining Lemma 23, Lemma 24, and Lemma 25, we an onlude that either d =
dimP = dimP ′ = 2 and P ′ is a quadrangle, or d ≥ 3 and P ′ is a regular rosspolytope, or
d ≥ 3 and P ′ is a prism over a simplex. The question remaining is whether P and P ′ an
atually be dierent. For d ≥ 3 this is ruled out by Lemma 18 (if P ′ is a rosspolytope)
and Lemma 19 (if P ′ is a prism). In the nal ase dimP = dimQ = dimP ′ = 2.
The proof of our main result will be onluded with the subsequent proposition. 
Proposition 26. Let P be a totally splittable polytope with spherial Gale diagram G,
and let v be a vertex of P with the property that its dual v⋆ in G is neither a double nor
an antipodal point. If P is not a join then neither is Q := conv(VertP \ {v}).
Proof. By [3, Lemma 3.4℄, the Gale transform of Q is the minor G/v⋆ obtained by on-
trating v⋆ in G. Up to an ane transformation we an assume that v⋆ is the rst unit
vetor in R
n−d−1
, and so G/v⋆ is the projetion of G\{v⋆} to the last n−d−2 oordinates.
We all the projetion map π. Sine v⋆ is neither antipodal nor a double point, no point
in G/v⋆ is a loop, and thus Q is proper, that is, it is not a pyramid.
So suppose that Q = Q1 ∗Q2 is a join with dimQ1 ≥ 1 and dimQ2 ≥ 1. Then there are
spherial Gale diagrams G1 and G2 of Q1 and Q2, respetively, suh that G/v
⋆ = G1⊔G2
as a multiset in S
n−d−3
. Up to exhanging the roles of Q1 and Q2, there is a faet F1
of Q1 suh that v
⊥ ∩ P , whih is a faet of Q, is a join F1 ∗ Q2. That is to say, the
osupport of the iruit C[v], orresponding to the vertex split of v in P , is mapped to G1
by π. In partiular, v⋆ is not in the positive hull of the points dual to the verties of Q2.
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The Separation Theorem [7, 2.2.2℄ implies that there is a linear hyperplane H in Rn−d−1
separating v⋆ from the duals of the verties of Q2. As in the proof of Lemma 22 we an
now argue that P is a join, whih ontradits our assumptions. 
This nally ompletes the proof of the theorem.
Remark 27. If v⋆ is antipodal or a double point, thenQ is a pyramid over the unique faet
of Q whih is not a faet of P . This shows that the assumption on v⋆ in Proposition 26
is neessary. For instane, by inspeting the two Gale diagrams in Figure 2 one an see
diretly that if P is a regular otahedron or a prism over a triangle, in both ases Q is a
pyramid over a quadrangle.
Remark 28. A triangulation ∆ of a d-polytope is foldable if the dual graph of ∆ is
bipartite. This is equivalent to the property that the 1-skeleton of ∆ is (d+ 1)-olorable.
In [9, Corollary 4.12℄ it was proved that any triangulation generated by splits is foldable.
This means that eah triangulation of a totally split polytope is neessarily foldable.
We are indebted to Raman Sanyal for sharing the following observation with us.
Corollary 29. Eah totally splittable polytope is equideomposable.
A polytope is equideomposable if eah triangulation has the same f -vetor.
Proof. This follows from the lassiation ase by ase: Eah triangulation of an n-gon
has exatly n − 2 triangles. Eah triangulation of a d-dimensional regular rosspolytope
has exatly 2d − 2 maximal ells. Eah triangulation of a prism over a (d − 1)-simplex
has exatly d maximal ells. A similar ount an be done for the lower dimensional ells.
Observe that equideomposability is preserved under taking joins. 
It would be interesting to know if Corollary 29 has a diret proof without relying on
Theorem 8.
Remark 30. Bayer [2℄ denes a polytope to be weakly neighborly if any k of its verties
are ontained in some fae of dimension 2k − 1. She shows that a weakly neighborly
polytope is neessarily equideomposable [2, Corollary 10℄. Prisms over simplies are
weakly neighborly whereas rosspolytopes are not; so the approah of Bayer is somewhat
transverse to ours. Moreover, all iruits of a totally splittable polytope are balaned in
the sense that the positive and the negative support share the same ardinality. This
relates to the question of whether a polytope all of whose iruits are balaned is always
equideomposable. The onverse is true [2, Theorem 1℄.
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